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O CAMONOAOEBHbIX XXOPOAHOBbIX
KPUBbIX HA TJIOCKOCTH
B. B. Aceesn, A. B. Terenos, A. C. KpaBuyeHko

AnHoTanus: M3y4aioTcsi aTTpaKTOPbl KOHEYHOH CHCTEMBI CXKHMAIOIMX monobuii Sj
(j = 1,...,n) HA IUIOCKOCTH, yAOBJIETBOPSIIONIEN yCIOBUIO CIEIUIEHHOCTH: JJIsI MHOKE-
cTBa TOUeK {Zo,...,Tn} U OMHADHOrO BEKTOPA (S1,...,Sn), HA3BIBAEMOI'O CHTHATYDOH,
napa {zo,Zn} mepesomuTcs orobpaxkenneMm S; 6o B mapy {z;_1,z;} (ecim s; = 0),
6o B napy {zj,x;j—1} (ecim s; = 1). Omnmcansl cuTyanuu, B KOTOPBIX U3 KOpJa-
HOBOCTHU TaKOI'O a.TTpaKTOpa CﬂeﬂyeT7 9TO OH HMeeT OFpaHI/I‘IeHHOe I/ICI(I)I/IBJ'[QHI/IQ7 T. €.
ABIAETCA KBa3UKOH(POPMHBIM 06pa30M OTpe3Ka MPAMOii.

KuroueBblie cjioBa: aTTPakTOpP, CAaMOIOIOOHbBIN (hpakTas, yCI0BHE OTKPHITOIO MHOXKEe-
CTBa, KPUBbIE C OIPAHUYEHHBIM HCKPUBJIEHUEM, KBa3MKOH(MOPMHOE OTOOpa’KeHue, KBa-
3unayra, Mepa Xaycaopda, xaycaopdoBa pa3sMepHOCTb, Pa3MEPHOCTD HOZLOOMST

B pabore usywaoTcs arTpakTOphl KOHEUHOM cuctemsl S; (j = 1,...,n) cxxuMa-
IOIMUX TIOMO0MIA MOJTHOTO METPUYIECKOTO MPOCTPAHCTBA 2, YAOBJIETBOPSIONINAE CJIe-
JIYIOIIEMY YCAOBUIO CUENAEHHOCMU: JJIsT HEKOTOPOTO MHOXKeCTBa {Zq, . . ., Tp } TOUEK
IPOCTPAHCTBA 2, HA3BIBAEMBIX 8EPULUHAMU, 1 OUHAPHOTO BEKTODPA (S1,. .., Sp), Ha~
3BIBAEMOLO cuehamypotl, napa { o, , } nepesogurcs orobpaxkenuem S; (i = 1,...,n)
mubo B mapy {z;_1,z;} (ecam s; = 0), mbo B mapy {z;,z;—1} (ecam s; = 1). Mu
HA3BIBAEM TAKHME CUCTEMBI ofobuit yunnepamu. OOImMe CBOWCTBA ATTPAKTOPOB CH-
CTEM CXKMMAIOIIUX OTOOPAYKEHUH B IIOJIHOM METPUYECKOM IIPOCTPAHCTBE, BKJIIOUYASI
TEOPEMBI CYIIECTBOBAHMS U €IUHCTBEHHOCTH ATTPAKTOPA, MOKHO HANUTU B OCHOBO-
nosaratoreit crarbe k. Xaranacona [1] nim B monorpadgun M. P. Kponosepa [2].
Hexoropsie cBoiicrBa nunnepos onucanbl B § 3.5 crareu [1]. B obmem ciayuae, kak
MOKA3BIBAET pUMep 1.4, ATTPAKTOP IUIIIEpPa He JIOJPKEH OBITHh KOPJAHOBOI JTyTOI.
MpI HE OCTAHABIMBAEMCS B JIAHHON CTATHE HA YCJIOBHUAX, JOCTATOYHBIX JJIs 2KOPIa-
HOBOCTH IWAIIIIEPA, & UCCJELyeM CBOHCTBA PETyJIAPHOCTH €ro aTTPAKTOPa, KOTOPHIE
BBITEKAIOT U3 OJHOTO JIUIIb TPeOOBAHMS )KOPAAHOBOCTU. B § 4 onucanbl Te cuTyanuun
HA TIJIOCKOCTH, KOTJIA ATTPAKTOP KOPJAHOBA IUIITIEPA, SIBJIAETCS AyTOH ¢ OrpaHIIeH-
HOM MCKPUBJIEHHEM, T. €. KBA3UKOH(MOPMHBIM 00pa30M OTpe3ka nmpsamoii. K TakoBbM
CUTYaIUsIM OTHOCATCS, B YACTHOCTH,

1) cayuaii depenyromeiicst CUrHATYDEL Sj_1 + §; = 1 jas Beex j = 1,...,n;

2) cayuait s1 + sp, > 1;

3) cayuail panuoHaJdbHON comsmepumocTu unces Ln(|lzy — xo|/|zn — xo|) 1
Ln(|zn — @n-1|/[zn — 20ol).

B §2 Ha mIocKOCTH MOCTPOEH NMPUMEP YKOPAHOBA IHUIIIEPA, ATTPAKTOP KOTO-
POro He FABJISIETCS JIyTrOil ¢ OrpAHMYEHHBIM UCKPUBJICHHEM. B Teopeme 2.2 yCTaHOB-
JIGHO, 9TO €CJIM aTTPAKTOP KOPAAHOBA IUIIIEPA UMEET OIPAHUYEHHOE UCKPUBJICHHE,
TO OH SABJISIETCS MHOYKECTBOM KOHEYHON HEeHyJIeBOI a-MepHOil Mephl Xaycaopda, rie
Q' — Pa3sMEPHOCTDH MOJ00MsT CHCTEMBI S, KOTOpass B 3TOM CJIydae COBIAJIAET C Xay-
¢1opdOBOil PAZMEPHOCTBIO ATTPAKTOPA. 3aMETHM, YTO IPU BBIBOJE JeMMbl 1.1 o
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HeIlpepbIBHOI CTPYKTYPHOI MapaMeTpU3alii aTTPaKTOpa IUIIepa Mbl HE MOYKEM
CJIEIOBATD JIOKA3aTEJIbCTBY aHAJIOTUYHOrO yTBepKaeHus B |1, reopema (3), c. 731]
U3-32 UMEIOIIErocs TaM HESBHOIO TPeOOBAHUSA CBA3ZHOCTH METPHUYECKOTO IIPOCTPAH-
CTBA.

1. ArTpakTOopbl, IuImepbl u ux mnapamerpusamun. Orobpakenume S :
(21, p1) — (23, p2) METPUIECKUX IIPOCTPAHCTB HABBIBACTCS COHCUMAIOULUM, €CIIH

Lip(5) := sup{p2(S(x), S(y))/pr(z,y) : v,y € 21, v #y} < 1.

k
Jna marypamsroro n € N momoskum [ = {1,...,n}; I¥ = [[ I, tne k € N;
j=1

o0 o0
= U IF u I® = [1 I. Daemenrs muOXKeCTB I¥ u I'* zanuceiBafoTcst B BUje
k=1 j=1
CJTOB KOHEYHOMW JIMHBI HaJT ajadasuTtoM . MHOXKECTBO MyJIbTUHMHICKCOB [ sBIIsIEeT-
cst CBOOOJIHOI TTOJTYTPYIIIION, TTIOPOXKIEHHON /IeMEHTaAMU MHOXKeCTBa I, OTHOCUTE b~
HO OIlepaIu KOHKaTeHalmu (concatenation), T. e. IIPOCTOrO IPHUITMCHIBAHUSI OJIHOTO
CJIOBA K JIPYTOMY. DJIEMEHTBHI MHOXKECTBa, [ °° 3allMCBIBAIOTCS B BHJIE CJIOB OECKOHEY-
HOI AIUHBI HAJ aadaBuToMm 1.

s mabopa S = {S1,...,S,} ckuMaomux orobpazKkenuii OJIHONO MeTpude-
ckoro mpoctpancTsa (2, p) B ceba n moboro i = iy ...i; € I* mcnombsyercs ab-
6peBuarypa S; = S;,..i, = Siy 0---0.98;,. Hna goboro ¢ = iyig--- € [ uk €N
nosaraem ily = iy ...i; € I¥. B npocrpancrse Comp(2) Bcex HemyCTBIX KOMITAKT-
HBIX TTOJMHOXKeCTB A C 27, MeTpusoBaHHOM paccmoaruem Xaycdopga [3, rar. 2, § 21,
c. 223|, cucrema S 3anaer onepamop Xamuuncona ® : Comp(Z) — Comp(Z’), co-
[IOCTABJISAIONINN KarKJI0My HEIlyCTOMY KOMIAKTHOMY MHOxKecTBY A C £ Hemycroe
KOMIIAKTHOE MHOKECTBO

®(A) = [ Si(4)
k=1

(em. [1] wmm [2, (4.1), c. 99]). Henomsmkuas touka omeparopa P, T. e. Hery-
croe kommakTHoe MuOX)ecrBo K (S) € Comp(Z'), yHIoBIeTBODSIOEe PABEHCTBY
K(S) = ®(K(S)), HasbiBaeTcs ammparmopom (NI UHEADUAGHMHbLM MHOHCECTNEOM)
cucreMbl S. Popmysia
n(i) = lim S;), ()
k—o0

KOPPEKTHO 331a€T HelIPEePBIBHOE, HE 3aBUCAIIEE OT BLIOOpa TOUKH & € 2~ oTobpazke-
e 7w : I — K(S) (rge I°° HajeneHO THXOHOBCKUM IIPOM3BEICHUEM JUCKPETHBIX
TONOJIOTHH ), Ha3bIBaeMoe uHdekchol napamempusayuet arrpakropa K (S) cucre-
Mbr S (em. [1, (vii), c. 725]). Jas i € I* nommuomecrsa K;(S) := S;(K(S)) ar-
tpakTopa K (S) HaseiBatorcst ero konuamu k-ro panra. Cucremy S = {S1,...,S,}
CKUMATOMAX OTOOPAsKEHUI TIOJHOTO METPUIECKOTO mpocTpancTia (A, p) B ceds,
VZOBJIETEOPSAIONTYIO YCIOBHIO: «CYIECTBYIOT HAOOD TOYEK { Ty, . .., Tn} C A W BeK-
TOp (81,-..,51) € {0,1}", s xkoropwix Sj(wg) = xj_1,s; u Sj(xn) = Tj_s, UpH
BCex j € I», GyzieM Ha3bIBATh, UCIOJIb3Ysl UYLy 0T TépcToHa TepMUHOIOrHIo [4],
YUNNEPOM C BEPWUHAMUY {X0, ..., Tn} U cuehamypol (S1,...,8,). Obobmaronmm
anajorom yreepxkzaenuii B [1, §3.5, c. 730-731], nonydenupix k. XarduHcoHOM
YISt IUIIIEPOB ¢ CUrHATYPoit s; = 0 1pu Beex j € I, sABiISeTCs Cle/Lyomast

JIemma 1.1. st sro6oro npmmepa S = {S1, ..., Sp} ¢ Bepmmaamu {xg, . .., 2, }
" CHTHATYPOH (81, ..., 8y) B HOJIHOM METPHYECKOM HPOCTPAHCTBE (A, p) U JJIsl JTH0-
6oro mabopa Touek 0 = tg < t; < .-+ < t, = 1 Ha orpeske J = [0,1] C R!
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CyIecTByeT equHcTBeHHOe orobpakenne v : J — K(S), npu xoropom y(t;) = x;
u S;oy =~oT; wisa kaxporo i € I, rme T;(t) = t;—1(1 —t) + t;t npu s; = 0 u
T;(t) = ti—1t + ¢;(1 — t) npu s; = 1. Ilpu srom orobparkeHue vy HEHPEPBIBHO IO
Iénpaepy u y(J) = K(S).

JOKABATEJBLCTBO. Ilycts R < 1 — MakCHMaJIbHBIN 13 KO3(DDUITUEHTOB 10~
mobusi oroOparkennit cucreMbl S, a r > (0 — MUHUMAJBHBIA n3 KO(DDUINEHTOB
noy106ust orobpaxkenuii cucremer T. Tomoxnm V. = V(O = {zo,...,zn}, W =
WO =10,t1,... .t 1,1}, VE =0*V) u WE) = T*(W), rge &, ¥ — omepatopsr
Xargumcona cucreMm S u T coorBercTBenHO. Tpebyemoe oToOparkeHme y 3a1aeTCsI Ha,
KazKI0M KoHedHOM MHOxkKecTBe W (K) enpmcTBeHHBIM 06pAa3OM: IS KAsKI0TO MYJIb-
tunnzexca j € I* nomaraem y(75(0)) = S;(zo) u v(T;(1)) = S;(zy). Koppexrrocts
3ajanus y obecreunBaercs coBnagenneMm curnatyp cucrem S m T. Tem cambim y
3aJIaHO0 HA TJIOTHOM B J MHOXKECTBE

[e.e]
we | Jw,
k=1

Jna mo6oro § € (0,7) mveerca momep k > 1 Takoit, aro r*1 < § < r¥. Tax
kak diam(7;(J)) > r* s moGoro mymbrummgexca j € IF, mobas mapa Touex
a,b € W) ¢ paccrosianem |a—b| < § mokpbIBaeTCst He GoJiee, Y€M JIBYMsl CMEXKHBIMU
(T. e. mepecekarommmucs) KonusiMu k-ro panra arrpakropa K (T). Ilo mocrpoennuto
orobpazkenus y ux obpasel y(a),v(b) Takxke Jjexar B o0beguHeHnn He GoJiee JIBYX
nepecekalonmxcs Kouuii k-ro panra arrpakropa K(S). CienosaresbHo,

p(y(a), (b)) < 2R* diam(V').

Hockonbky k+1 > Ln(8)/ Ln(r), mmeem R* < (1/R)§%, rie a = Ln(R)/ Ln(r). 3na-
anT, Ha MEOZKecTBe W (%) 0T0Gparkenne v HempepsIBHO 110 Ié/bIepy ¢ IOKa3aTeIeM
a = Ln(R)/Ln(r) 1 TeM caMbIM IPOJIOJIKAETCS 110 HelpepbiBHOCTH Ha J. IIpn srom
y(J) = lim y(W®) = lim Vv = K(8S).
k—oo k—o0

JlemMa mokazana.

Orobpazkenus: vy, OCTpoeHHbIe B jlemMe 1.1 Jyist paszuabix HaGopoB Todek 0 <
t] <+ < tp—1 < 1, HABBIBAIOTCS CMPYKMYPHOLMU NAPAMEMPUSGUUAMU ATTPAKTOPA
munmepa S. Hunmep S HaszbiBaercst 21copdaHo6biM B TOM M TOJBKO B TOM CJlydae,
KOTJIa OJlHA W3 CTPYKTYPHBIX IapaMerpusanuii (a c/aegoBareabHo, W Jobas) ero
ATTPAKTOpa OCylecTBIsieT romeomopdusm orpeska J = [0, 1] na K (S).

Teopema 1.2. Ilycrs nummep S = {S1,...,S,} ¢ BepmmHamu {xg,...,z,} B
MTOJTHOM METPHIECKOM IIPOCTPAHCTBE (M | p) TAKOB, UTO BCE C:KUMAIOIIHE 0TOOparKe-
HUsA S @ M — M ABIAOTCT HHBbEKTHUBHBIMHA. Fcymn st 1r06bIX 1, j € I MHO>KecTBO
K;(S)NK;(S) saasercs mycroiM mpu |t — j| > 1 n ogHoTo9ednbM OpH |i— j| = 1, TO
aiobast crpykrypHas napamerpusamus vy ¢ [0,1] — K(S) ero arrpakropa siBjsiercs
romeomopguzmom, a K (S) — »kopaaHoBoil Jyroii ¢ KOHIIAMH B TOYKAX To H Tp.

JIOKA3BATEJBCTBO. Ilycrs v : J — K(S) — crpykrypHas napaMerpu3aius
arrpakropa K(S), mocrpoennas B jemme 1.1. Cucremy T = {Ti,...,T,} pac-
cMaTpuBaeM Kak IUIIIEp C TOi »Ke CUIHATYPOii, 9TO W y IUIIepa S, ¢ BepIIMHAMU
{0,t1,...,tn—1,1} un arrpakropom J = K(T).

BameTuM, 9TO BBLITOJHEHO CJeAYyIolee yCIoBHe.

(A) Ecm ¢ = y(a) = v(b) mns a,b € J, a < b, To 1160
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(al) a,b € K;(T) upu mHekoropoM i € I,
Jmb0o

(a2) npu HekoTOpOM ¢ € I BBImOJHsAIOTCS cooTHomtennst a € K;(T), b € K;11(T)
ux =yt

Heitcrurensuo, mycrs ¢ € K;(T), b € K;(T). Tormna x € K;(S) N K;(S) u mo
ycqoButo teopeMsl |i — j| < 1. Ecam ¢ = j, To peasmsyercst (al). Ecau xe |i —j] = 1,
To u3 a < b caenyer, uro j =i + 1, u noaygaem (a2).

ITycrs oTobGpazkenue v He HHBHLEKTUBHO. Torjma uMeTces Touku a,b € J, a < b,
B KOoTOpbIX Y(a) = v(b). Ucnons3ys (A) u 3amensis B ciaydae (a2) Touky b TOUKOI ¢,
MO2KHO CIUTATH 0€3 HAPYIIEHUs ODITHOCTH, YTO UCXOAHBIE TOYKH @, b JIEYKAT B OJHOM
u Toit ke kormu 1-ro panra K;(T) u, ciegoBarensho, cymecrsyer ¢ = max{k : 3j €
I* raxoit, uto a,b € K;(T)} > 1. Hycrs a,b € K;(T) upu jo € I9. Torma
roukn o' = T *(a), b/ = T]gl(b) JieyKaT B Pa3HBIX KOMHUAX 1-TO paHra arTpakTopa

Jo
J = K(T), upu sTom

v(a') = ;. ory(a) = S5t oy(b) = A ().

CrenoBatenbHo, Juist Touek ag = min{a’,b’'} u by = max{a’,b’'} B (A) peamusyercs
(a2), 1. e. ag € K;y(T), by € K;,+1(T) npn mexoropoM 9 € I, upn srom y(ag) =
~(ti,). Torma Touxu af = Tigl(ao) uby, = Tigl(tio) =1 — s;, pa3iu4IHbI U

v(ag) = S;; " ov(ag) = S;t o y(tiy) = ¥(1 = i) = T1-s,, -

Takum 06pa3oM, MPUXOIUM K CJETYIONIEMY YCJIOBHIO.

(B) Ecsin napamerpusanusi y He HHbEKTHBHA, TO JHOO

(b1): v(a) = v(0) = xo upu mexoropom a € (0,1),
60

(b2): v(a) = v(1) = x,, s vekoroporo a € (0, 1).

Paccvorpum ciayuait (b1). Tax kak v(t1) = z1 # zo = v(0), J1s napsl To-
ek 0,a curyanus (a2) B yrBepxienun (A) meBosmoxkna u modromy a € Ki(T).
Crenosarensno, ¢ = max{k : a € K;(T), tme j = 11...1 € I¥} > 1. Tycrs
jo =11...1 € I9. Torma Touku ag = Tjgl(O) € {0,1} m ay = T,
ozHoOIt 1 Toit ke Konmu 1-ro panra arrpakropa J = K(T), no vy(ag) = y(a1). Torma
JUTsl TOUEK ag, a1 B (A) momkHa nmers Mecto curyamust (a2). Ipu ag = 0 nosmyuaem
nporusopeune: o = Y(0) = vy(t1) = 1. Ho m ap = 1 npuBosuT K TakoMmy ke
nporuBopednto: x, = Y(1) = y(tp—1) = zp—1. [Hosromy cayuaii (b1) HEBO3MOXKEH.
AHaJIOrMYHO yCTaHABIMBAETCS HEBO3MOXKHOCTD cutyaiuu (b2). Takum obpaszom, 110
HyIICHAEe O HEeMHbeKTUBHOCTH Y IIPUBOJUT K MPOTHBOPedrio. TeopeMa JoKa3aHa.

Y(a) ne nexar B

ITpuMEP 1.3 (cm. [1, c. 729]). Ha KoMIIeKCHO# IIIOCKOCTH (2) HOJIOXKHUM
20=0, 21 =1/2+4i/2V3, 2z =1,

Si(z) = (1/V3)Zexp(in/6), Sa(z) =1+ (1/V3)(Z — 1) exp(—in/6).

Cucrema S = {S1,S52} cxxumaomux nog00uil sBJIAETCS [UIIIEPOM C BePIIMHAMU
{20, 21, 22} m curnarypoii (0, 0), a ee arrpakTop K (S) — ki1accuueckoii kpusot Kozxa.

ITpuMEP 1.4. Ha KommekcHO# mrockocT (z) cucreMa Q CXKUMAIOMIUX 100~
Owuit

1 V3 1

Q=) = %Z Q2(2) = —+i—+—<z_M

2

ERALE. ) @ -14 561
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umeer arrpakropoM K(Q) = D — kuaccuueckuit mpeyzoavhuk Cepnunckozo. Ilo-

JIOKUM
1+4V3 3+iV3
20:0, 21 =, 2y = —/—, 23:1,
4 4
1_ i 1 1+4v3 1- i
51(2)§ZGXP<§>, 52—§Z+T, Sg(z)lJrE((z)l)exp(g).

Cucrema S = {51,852, 53} — nunmnep ¢ BepmmHamu {zg, 21, 22, 23} U CUTHATYDPOI
(0,0,0), a ero arrpakrop K (S) — ror xke Tpeyronsank Cepnuackoro D. DTo cie-
Ioyer u3 oueBunHbIX paseHcTB S;(D) = Q;(D) mpu j = 1,2,3, pasencrsa D =
S1(D)US2(D)US3(D) 1 eIMHCTBEHHOCTH HHBAPUAHTHOIO MHOYKECTBA JIJIsST CHCTEMBL
S.

ITPUMEP 1.5. B KOMIUIEKCHOH IJIOCKOCTH (z = & +14y) cucreMa S orobpazkeHuii

) i . T+
S1(z +1iy) = bX Sa(x +1iy) = 5
14 ati (1— )i

ABJIACTCA MUIIIECPOM C BEPHUIMHAMUA

{0,i/2,(1 +4)/2,1+i/2,1}

Sa(x +iy) =1+ 5

u curnarypoii (0,0,0,0). Arrpakropom K (S) ciyKuT 06beIMHEHNE OTPE3KOB
0,1/2], [i/2.1/2 4 0/20, (/212,002 (1421,

KaxKJIbIl 13 KOTOPBIX SIBJIAETCA COOTBETCTBYIONIEH Konueii 1-ro panra. B sToMm npu-
Mmepe arrpakTop K (S) sBisiercs KOpAaHOBOiL ayroii ¢ KoHamu B Toukax 0, 1; s
KOIMIA 1-TO paHTa BBINOJHEHBI YCJIOBUST TEOPEMBI 1.2, HO HUKaKasi CTPYKTypHAS T1a-
pamerpusaius v : J — K(S) e aBisiercsas romeoMopdusMoM (HEKOTODbIE KOIUH
2-ro paHra — OJHOTOYEYHbIE MHOXKeCTBA). CJeJ0BaTEe/IbHO, YCIOBAE MHHEKTUBHO-
CTHU CXKUMAIOIIUX oToOparkeHuii S; B Teopeme 1.2 He MOXKET OBITH OIYIIEHO.

ITurmep S = {51, ..., Sy} GyeM Ha3BIBATD CAMON000OHbIM, €CIH OTOOPAKEHNUST
Si + (M, p) — (M, p) saBrsorcst nodobusamu ¢ xkoadbdumenramu 7; € (0,1) (1. e.
p(Si(z),Si(y)) =ri - p(z,y) s Beex x,y € A ). Ilpu 95TOM eIUHCTBEHHOE pEIIeHIEe
o ypaBHEHUs r{ + -+ r% = 1 HA3BIBACTCH PASMEPHOCTLIO NOJOOUA CUCTEMBI S.

2. 2KopaaHOBBLI LMIMEPLI C OrPAHUYEHHBIM HcKpuBjeHueM. Ciemys
[5, 2.7, c¢. 100], BBeteM kitace ¢-BT (¢ € [1,00)) Merprueckux npocTpatcTs (A, p) ¢
02PANUMEHHDLM UCKPUBACHUEM, OTIPEJICIIACMBII CJIIyIOMAM YCJIOBUEM: JIO0YIO Hapy
ToYeK a,b € A MoxKHO coequHUTH KoHTHHYyyMOM ' C #, y koroporo diam(I") =

sup p(z,y) < cp(a,b).
z,yel’

JIemma 2.1. Ilycrs B mosHOM MeTpuieckoM npocrpanctse (M ,p) 3anaH ca-
Mono/[06HblIt 2kopaaHoB mumep S = {S1,...,S,} ¢ Bepumaamu {xo, ..., Ty} 1 cur-
Harypoii (s1,...,8n). Arrpaxkrop K = K(S) saBisercs ayroii ¢ orpaHHYeHHBIM
nckpusiennem (K € ¢-BT) rorma m Tospko TOrza, Korga B KaskKioil BepHIHHE T;
(¢t =1,...,n— 1) BblIoJHsIETCS YCTOBHE:

(U) cymecrsyer ¢; > 1 Takoe, uro gis Joboii xopranosoii gyru I, C K ¢
konnamu © € K;(S) ny € K,;11(S) cupaseamusa onenka diam(Iy,) < ¢;p(x,y).

JTOKA3ATENBLCTBO. Eciu K(S) € ¢-BT, to (U), 0ueBuHO, BBIIOIHSETCS IPK
giobom ¢ = 1,...,n — 1 ¢ KoHCTaHTOI ¢; = c. 1t TpoBepKH 0OPATHON UMILIHKAIII
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nosioxkuM 0 = min{p(x,y) : = € K;(S),y € K;(S);]i — j| > 1} > 0; d = diam K;;
¢ =max{ci,...,cn}; " =d/d uc=max{c,"}. Ecau rouku a,b nexar B pa3HbIx
Komusix 1-ro panra, To nmu6o diam(Iyp) < ¢/p(a,b) (TOUKE JeKAT B CMEKHBIX KOIIHAX
1-ro panra), smbo diam(Ty) < d < ¢’p(a,b) (Toukn JeXKAT B HEIEPECEKAIOIIIXCS
Komusix 1-ro panra). Ecim xke Touku a, b exkaT B 0/1HO# 1 TOI »Ke Konuu 1-ro paHra,
to p = max{k : 3j € I* Taxoit, uto a,b € K;(S)} > 1. Ilycrs a,b € K;(S), j € I*.
Torma Touxn @’ = S Ya), b = S 5 1(b) mesxar B pasHbIX KOMHMSX MEpBOTO panTa. Tax
Kak S; — momobne ¢ KO3 MUIIEHTOM 75, C yIETOM IMPEIBIIYIMINX OIEHOK IOy IaeM

HEpaBeHCTBO
diam(L,p) = rj diam(Ty ) < rjmax{c’, " }p(a’, V") = cp(a,b).

Taxum obpazom, K € ¢-BT. Jlemma mokazamna.

g « > 0 cumBosioM 5, 0603HaYaeM OOBIYHYIO (-MepHYIO Mepy Xaycaopda
HAa 0-KOJIBIIE BCEX GOPETEBCKMX MHOXKECTB B mpocrpamncrse R?, a wepes dimpy —
xaycI0pdoBy PazMepHOCTH GOPEIeBCKOro MHOXkKecTBa B RY.

Teopema 2.2. Ecim arrpakrop K = K(S) camonomqo6HOro >K0piaHoBa, [HTIIIE-
pa S B mpocrparcre R? mmeer orpaHmueHHOe HCKPHBIICHHE H 0 — Pa3MEPHOCTb
moobust cucremsr S, 1o 0 < 5, (K) < 400 u, cregosarensro, dimpy (K) = a.

JIOKA3ATENBCTBO. Ilycrs S = {S1,...,S,} — *KopAaHOB nunmnep ¢ BepumHa-
mu {Zo, ..., Tn}, OTOOpAKeHUS S; : R¢ — R? gpsmorcst monobusmu ¢ kodbduiuen-
ramu 1; € (0,1) (i € I), K € ¢-BT u D = diam(K). Homycrum, aro #5(K) = 0.
Torma (cMm. [6, c. 996]) ToxxnecTBenHOE OTOOPaXKeHNUE id ABJIAETCS MPEIETIOM HEKOTO-
poii cxonameiica paBHOMEPHO Ha KOMITAKTaX B R? nocie10BaTEILHOCTH U3 CeMeiicTBa
F Bcex orobpazkenuii (momobuit) Buga S, los j C MyJIBTUHHAEKCAMU ¢ = %1 ... 0p € IP,
j=17j1---4q €19 p,q =1,2,..., y KOTOpBIX i1 # j1. llonoxum ¢ = D/c. Torna
Haiiyress p > 1, ¢ > 1 u mysbrunngexcol i € IP, j € 1 ¢ i1 # j1, JJist KOTOPBIX

max{‘xo —S.il OSj(xo) 7|],‘n —Sfl OSJ(l‘n)|} <eE.

K2

Tak xak S; ecTb 1071061€ ¢ KOIMDDUITEHTOM T3 = T4, T4, . . . T, , TO
max{|S;(zo) — S;j(zo)l, |Si(zn) — Sj(an)[} < ric.

Touku S;(xzo), Si(x,) € K;, aBIA0TCS KOHIIAME »KopjanoBoii ayru K;(S) — konuu
p-ro pamra, a Touku S;(xg), S;(zy) € K;, — xoHmamu »xopganosoii xyru K,;(S) —
KOIIMK ¢-TO panra. V3 pacrosioskenust 3Tux Jayr Ha K BbITeKaer, 9To
max{diam(FSi(zo)’Sj(mo)),diam(FSi(x7l)7Sj(17L))} > diam(K;) = r;D.
Tak kak K € ¢-BT, orciona cieyer HEpaBEeHCTBO
riD < cmax{|S;(zo) — Sj(z0)|, |Si(xn) — Sj(zn)|} < crie,
nmaroriee poruBopedne: D < ce = D. Teopema mokasama.

ITpPUMEP 2.3. ITokaxkeM, 9TO B IJIOCKOCTH (2 = & -+ iy) CyIIECTBYeT CaMOIIO-
JOGHBIH KopaaHoB 1uiep S, arrpakrop K = K (S) Koroporo He siBjsiercst yroi
¢ OrPaHMYCHHBIM HCKPHUBJICHHEM. 3aMeTHM, YTO JJIs JIOObIX PalMOHAILHBIX YHCEeI
di, do # 0 u marypasibnoro n > 1 umcio (dy + doy/5)" uppamumonamsuo. (Ecim
(dy +d2\/5)" = A+ Bv/5 ¢ parmonasbubivu A u B, To dopmyiia 6umoma Heiorona
naer coornomenue 0 # (dy + dg\/g)” — (dy — dg\/g)” = 2B+/5, o3Haudaromee, 4To
B # 0.) B wactroctn, mia 7 = (v/5 —1)/2 € (0,1) wucio 7" upu n > 1 ne Mo-
JKeT OBITH IEJION CTENeHbI0 YMCIa 2, U, CJIeJ0BATeNbHO, Ynciaa logy(7) € (—=1,0) n
log,(72/2) € (—3, —1) mppanuoRAILHLI.



O camMono06HBIX KOPJAHOBBIX KPUBBIX HA, ILJIOCKOCTH 487

IMocrponm mummep S = {5, ..., 54} ¢ BepumHAMHI
1+iv3
zo = —T, 21 =0, ZQZT\/_, z3=1 z4=2+T

u curaarypoii (0,0, 0,0), nopoxnenusiit nogobusmu S; ¢ KoabduipenTaMu

T T2 1 T 1
rH = = — ro = Prq — — — —
! 2T T 9o

) Ty = 3
2427 2 2
TakuMu, 910 S, S4 COXPAHAIOT OPUEHTAIMIO IIJIOCKOCTH, & So u S3 00parmaior ee.
TpeyrofbHUKN 202122 U 222324 N0006HBI (160 7/1 = 1/(1 + 7)). O6o3HauuB ue-
pe3 [y yroa mpu BepiimHe Zzg, & 4depe3 (1 — YrOJ IPU BEPIIHHE Z4, 3aMEYAEM,
aro fo + 1 = w/3, yroa zpzazi paseH (1, a yroi zszszs paseH [Jy. B3ssB B Ka-
yectBe ob6sacTu U OTKPBLITBHIA TPEYroOJLHUK C BePIIMHAMHU Z(, 22,24, BUIUM, 9TO
S;(U)N S;(U) = @ upu i # j u, CIeAOBATEIBHO, i CAMOIOLOGHOrO IUIIIepa
S BemosHsieTcsa ycaosue oTkperroro Muoxkecrsa (OSC) (em. [1, (1), c. 735]), pas-
HocuiabHoe (cM. [7, Teopema 2.2, c. 114]) romy, 9ro xaycmopdoBa pasMepHOCTbH
dimy (K) arrpakropa K = K(S) coBuajsaer ¢ pasMepHOCTHIO IIOJ00MsI (¢ CHCTEMBL
S u jy1st a-MepHO# Mepbl Xayczopda crpasempo HepaseHCTBO 0 < 7% (K) < +00
(em. Taxxe [8, Teopema 3, c. 7). Tak xak K; = S;(K) C S;(U) npu j = 1,...,4,
to K1 nepecekaercs jumb ¢ Konueit Ko B Touke z1; K4 nepecekaeTcst TOJIBKO C KO-
nueit K3 B Touke 23, a Kommu Ko n K3 MOTYT I€pecekaThCs JIUITb B TOYKAX OTPE3KA
L = [z225], rie TouKa 25 HA OTPe3Ke [2123] TaKOBA, YTO YOI 2127225 PaBeH 1, & yroJ
252223 paBeH (y. Torma

KQQL*{ZQ}U{CL”—SQ(SZ(ZQ) n=0,1,. }
KsNL={z}U{b, = 5’3(5?(22 )in - h
Pn = |an — 22| = ‘52(54 2)) — S2(z4)| = ror} |22 - Z4| = /2/2m
Om = |bm — 22| = |53(S{”(z0)) — S3(20 } = 13|20 — 20| = V2(72/2)™7/2.

2m+1 gm—n

ITosTomy paBeHCTBO @, = by, peain3yeTcs JIUIIb IPU YCJIOBUU T , 9TO
HEBO3MOXKHO 1pu nesbix m u n. Chemosarensbno, komun Ko n K3 1epecekarorcs
TOJIbKO B TOYKE 22, M TIO3TOMY S SIBJIAETCH >KOPJAHOBBIM IUIIIIEPOM.

B ety mpparmonaabHocT logy (72 /2) MHOMKeCTBO APOGHBIX JacTell BCeX amceT
suza mlog, (72/2) mpu m = 1,2, ... asasercs maoTHeIM Ha oTpeske [0, 1]. TlosTomy
JUTsi TPOM3BOJIbHO 3aaHHoro € € (0, 1) HalijyTcs HaTypaJbHbIe M U N, IIPH KOTOPBIX

2
[(mlogy(77/2) +n) — (—logy 7)[ < log,(1 + é).
Tak kax

102 (0 /pn)| = [1ogs[(r2/2)™ 72" = [mlogy(7°/2) + n + log, 7| < logy(1 + €),
o(l+e) t<om/pn <1+e. Torma s ayru v C K(S) ¢ KoHIIaMu B TOUKaX Gy,
u by, BBIIOJHSIETCS HEPABEHCTBO
|an - bml - |U7n - pn'
Pn T Om  om Pn

<k,

n3 KOTOPOTro cjaeayer, 94To

Om + Pn > |an - bm'

2 - 2
Ho B cuity npousBosibHON MaJIOCTH € 9TO O3HAYaeT, 410 ayra K (S) He upunaijiekur
kitaccy ¢-BT Hu nipu kakom ¢ < 00.

diam(y) > max{om, pn} >

3. Bepmuuabl mepBoro u Broporo tumnoB. Ha komiuiekcuoii mirockocru C
OTMETHUM OJHO T'eOMeTPUYEeCKOe CBOUCTBO IEPUOANIECKUX KOPJIAHOBBIX JIYT, BBIpa-
JKEHHOE CJIEJIYIONIEe JIeMMOIA.
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JIemMma 3.1 (0 HenmepeceKawmuUXCst IEPUOINIECKUX JyTax). IlycTh KopJaHoBbl
ayrm I, I B kommrekcroit mnockoctr C ¢ o6y Hadatom B Touke 0 u ¢ KOHIIAMH B
TOUKax a1 H a coorBercrsenHo He nepecexaiorcss B C\{0}. Ecman moxobus F;(z) =
Cjz ¢ |Cj| = p; < 1 rakossl, uro F;(I;) C T (j = 1,2), o

a1/ Ln(p1) = a2/ Ln(p2), (1)

rje o — IOpHpalieHue aprymMenta z Baoub gyru 7; C Iy ¢ xonnamu aj, Fj(a;) B

nanpassennn ot aj K Fj(aj). (Ormernm, uro B 3Tux oboznavenusx C; = pje'® u

aj = Im ([ 27dz)), pre unrerpar no xopanoBoil jiyre KOppeKTHO onpeiesieH (CM.
T

Hanpumep, |9, samedanne 1, c. 78])).

JIOKA3ATEJLCTBO. Ilpu jokasaTesberBe paBeHcTBa (1) MOXKHO, He OTPaHUYHI-
Basi OOIHOCTH, 3AMEHUTh UCXOJHBIE JyTH [j UX O/U1yraMu, JIeXKAIMU B HEKOTOPOM
samkayToM Kpyre B(0, Ry), ¢ o6mum HadgaioM B 0 1 ¢ KOHIAMM aj € 0B(0, Ro). Io-
STOMY MOYKHO CIHTaTh, uTo |a;| = Ro u I} C B(0, Ry).

Pacemorpum orobpazkenne z = exp(w) mIockocT (w = p+ip) Kak yHABEPCAIb-
noe Hakpbitue obaacru C\{0} (cm., manpumep, [10, ria. 1, §5]). Ilpu srom Jobbie
HOAHATHS 7Y; KOPAAHOBBIX yT I yrosiersopsior yciosusim: 15(vy;) C y; orHOCH-
TesbHO meperoca 1 (w) = w+Ln(p;) +ia; (j =1,2) u 1 Nye = @. Jomycernm, 1T0o
k1 = aq/Ln(py) # k2 = az/Ln(pz). He orpanndmsast 06IHOCTH, MOKHO CIUTATH,
uTo k1 < kg. @uKcupyeM Kakoe-HUOYIb OJHATHE Y1 AyTH 1, sBJIsIOmeecs Kopa-
HOBOI1 jiyroit ¢ Hagasom B Touke Wy = pg + iwo (rae exp(Wp) = aq), snexarueii B
nostyiutockoctu {p < po = Ln(Rp)} u upoxozsineii uepes Touxu

T (Wo) = po + nln(p1) +i(po +na1), n=0,1,....

B cuny nepuopmunoctu (¢ nepuogoM Ln(py) + iaq) Jayra 1 J€XKAT B HEKOTOPOWH
HOJLYIIOJIOCE

H={w=p+ip:—o00<p<po,|e—wo—ki(p—po)| <M}

Dukcupyem Kakoe-HUOYb MOJHATHE Yo JyTH I3 ¢ HavasoM B Touke Wi = po + iy,
exp(W() = az, u BosbMeM HarypasbHoe N Takoe, 9ro ¢ + 2rN > ¢o + M. Torma
nogusaTue v4 = {w + 27 Ni : w € 2} ayru I'y mpoxouT depe3 MHOMKECTBO TOYEK

{T3:(W§) = po + nLn(pz) +i(ph + 27N + naz);n =0,1,... },

JIesKaIuX Ha OpsMoil ¢ yriaoBbiM Koadduimenrom ky. Touka W + 27 Ni sexunr
BhIIIE TI0JIynoJIockl 11, a Tak kak kg > ki, TO mpu BCEX JIOCTATOYHO GOJIBIIUX 7
rouxu T4 (Wy) nexar Huke nosynosocst I1. CiieoBaresibHo, gayra 75 mepecekaer
nosiocy 11, a BMecte ¢ Tem m jyry 1. llomaaTuga mayrm [} He MOTYT mepeceKaTbCs
C MOJHATHAMU JIyTH 1%, W MOJy9eHHOE MPOTUBOPETHE TOKA3BIBAET, 9T0 k1 = Ko.
Jlemma mokazana.

Jljist camomioio6HoOro Kopaanosa murmepa S = {S1,...,S,} Ha miockocrn R?
C BEPIIMHAMU X0, . . ., Ty U CUTHATYPOI (S1,...,Sy) BBEIEM CIIEIYIONLYIO Kaaccudu-
Karuio: Bepruny z, (p € {1,...,n — 1}) Ha30BeM @epwiunOl NEPE020 MUNG, €CIIN
Sp = Spt1 U §1 = S, = 0; BO BCEX OCTAJBHBLIX CIYyTasX CINTAEM L) 6ePUIUHOU
6MOP0o20 MUNA.

Jlemma 3.2. Ilycte zp, p = 1,...,n — 1, — Bepmuna camMonojobHOro >kKopJja-
HoBa nummepa S = {S1,...,S,} ¢ curnarypoii (s1,...,sy,). Ilycrs
(i) xp ecTh BepuImHA BTOPOrO THIA
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HIIH
(ii) x, — BepiIHHA IEPBOrO THUIIA, H PALHOHAILHO IHCIIO

Ln|zy — x| — Lo |z, — xo]

(2)

Ln|z, — Tp_1| — Ln|z, — zo|

Torza B BepuuHe x, BomoaHsercs ycaosue (U) u3 gemmbr 2.1.

_ Q-1 _ g1
JIOKABATE/IBCTBO. Iycrb x4 = S, (vp) n xy = S, 7 (zp), tite ¢,q" € {0,n}.
IIycrs w, w' € I°° — nHAEKCHBIC KOOPIUHATLI TOUEK Ty U Lo/, T. €. Tg = (W), Ty =
m(w'), tne m : I*° — K = K(S) — unjekcHas nmapamerpusanusi arrpakropa K.
HemocpeicTBeHHO TpoBepseM CJieIyToNe COOTHOTTEHH.

ITpu s, = Sp+1 BBILIOJIHSIETCSI PABEHCTBO ¢ =N — ¢ |

(Al)w=111... uw' =nnn... npu ¢ =0, s1 =0, s, = 0;

(A2) w=111... uww' =nlll... npu ¢ =0, s1 =0, s, = 1;
(AB)w=1nnn...uw =nnn... upuq=20, s1 =1, s, = 0;
(Adyw=1nln...In... uw' =nlnl...nl... upuq¢=20,s1 =1, s, = 1;
(AS)w=nnn... uw =111... npu g =mn, s1 =0, s, = 0;

(A6) w=nlll... uw' =111... npu g=mn, s1 =0, s, = 1;
(AYw=mnnn... uw =1nnn... npu g =n, $1 = 1, s, = 0;

(A8 ) w=mnlnl...nl... uw' =1Inln...1n... npug=mn,$1 = 1,8, = 1.

Ilpu s, # Spi1 BBIIOJHSIETCS PABEHCTBO ¢' = ¢ U

(Bl) w=w" =111... upu ¢ =0, s; = 0, s, 060€;
B2)w=w =1nnn... upu ¢ =0, s; = 1, s, = 0;
B3) w=w =1nlnln... mpu ¢ =0, 51 =1, s, = 1;
(B4) w=w" =nnn... upu ¢ = n, s, =0, $1 moboe;
(B5) w=w" =nlll... upu q=mn, s, =1, s1 = 0;
(B6) w=w" =nlnlnl... upug=mn, s, =1, s = L.

BamegaeM, 9TO B KaxKJI0M N3 BOSMOXKHBIX CUTYAIIUH MyJIbTUMHIEKCH W, W' MOMXK-
Y )
HO 3ammcaTh B Buge w — abbb... m w' = a’b'b'V ..., roe

(A2) a=1,d" =n, b=V =11;

A3Ya=1,da =n, b=V =nn;

( ) ) Y
(Ad)a=1,a" =n,b=nlnl, b = Inln;
(A6)a=n,ad =1,b=0 =11,
(ATYa=n,a =1,b="0 =nn;

(A8) a=mn,d =1,b= 1nln, b = nlnl;
(Bl)a=d =1,b=0¥ =11,
(B2)a=d =1,b="V =nn;
B3)a=d =1,b="V =nlnl;

(B4) a=d =n,b="0b =nn;

(B5) a=da =n,b="0 =11;

(B6)a=d =n,b=">b = 1nln.

JTydastx u B CHJI MOHAJILHOCTH 9UCJT UMEIOTCST B3AUMHO IIPO-
B caygasax (Al A5)BC AIMOHATBHOC cia (2 €I0TCST B3AMMHO PO
cThIe HATYpaJbHbIe Yncjia P, (), npu KOTOPBIX KOIMDDUIMEHTHI PACTIKEHA 11, Ty
nonobuit Sq, Sy, CBA3AHBI PABEHCTBOM T{° = 7'5 . Ionoxum

(Al)a=1,da' =n,b=1...1€I?? b =n...nc I*F
(AS)a=n,a =1,b=n..neI?’ b =1...1€ %,
Ormernn, 9T0 m0106Ms Sp 1 Sj BO BCEX CHTYAIUSAX COXPAHAIOT OPUEHTAIMIO, UMe-
1 -1
IOT HENOJBHKHBIE TOUKH Sy ' (T4) n S, (Z4) COOTBETCTBEHHO N X KOIGbQHUIMEHTEI
PacCTAXXKeHud 7y U Ty COBIIQAAIOT, T'p — Tpr.
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?Kopanosa jayra
T = Spa(K) C Sp(K) = K,

UMeeT KOHEIl B BEPIINHE Tp, & COXPAHSIOIIEe OPUEHTAINIO 110001e
A:Sp05,105’1,05;1OS’;1
¢ K03 DUNNEHTOM PACTSI2KEHNUST 7, W HEIIOJBUAKHOI TOIKON &), TAKOBO, UTO
A(r) = (A0 5,0 S)(K) = Spa(So(K)) € SpalK) = 7.
AHaJIOrn4YHO YKOPIAHOBA, IyTa
T = S(p+1)a’ (K) C SP+1(K) - Kz)+1
MMeeT KOHEIl B BEPIIHHE Tp, & COXPAHSIONIee OPUEHTAINIO [10001e

/ -1 —1
A =8,.108,08y08, o 1

¢ K09 DUIMEHTOM PACTSIIKEHNUS Iy M HELOJBUKHOI TOUKOM Zp, Takoso, uro A’ (1) C
7. B cuny xopmanosoctu mumnmepa 7 N 7' = {z,} u mosromy x myram 7, 7’ n
cooTBeTcTByIomnM nomobusm A, A’ mpuvenmma mdemma 3.1. Tax xax A = rpe’®
u A = re® | 10 B cuity paBeHCTBa (1) B semme 3.1 mosyuaeM PaBeHCTBO @ =
o/ (mod 27) u coBuazenue srux noxobuii, A’ = A.

IIycrs D = diam(K), ¢ = inf{|lx —y| : (x € Kp\A(7), y € Kp+1) wmm (z €
Ky, ye K, 1\A' (7))} u r — marcuMasIbHbIi K09(DGUNHEHT paCcTsyKeHusT T0T00mit
S1,...,S,. g mpon3BosbHO 38 JaHHOM mape! Todek T € K, y € K11, 13 KOTOPBIX
XOTsI OBl OJHA OTJIMYHA OT Ip, HaliZleM MUHUMAJIBHBIA HOMep k > 1, Ipu KOTOPOM
6o x ¢ AF(r), mbo y & AF(7'). Ecim k = 1, To mmbo x € K,\A(T), nmbo
y € Kp11\A(7'), n B aTom catyuae |z —y| > 0. s nuamerpa ayru Iy, C K NKpiq
UMEEM OIECHKY

diam(Ty,) < diam(K),) + diam(K,1) < 2rD < 2rD§ |z —y|. (3)

Ecm k > 1, to x € A*Y(7), y € A*1(7), npu srom mmbo = ¢ Ak(r), mmbo
y & AF(7"). Torna & = A1"F(z) € 7, § = A1 F(y) € 7/, npuuem mbo & ¢ A(1),
6o § ¢ A(7'). Yunreas, aro Iy, = A¥~1(T3;), nmeem pasencrsa

diam(Lyy) = ry ' diam(Lsg), |2 — g = |4 (@) = A7 (y)| = 1y Flz —yl,

UCIIOJIb3OBaHNE€ KOTOPBIX B OIICHKE (3) JJId IIapbl TOYEK i‘, g IIPUBOJIUT K COOTHOIIIE-
HUIO

diam(Ty,) < 2rDS |z — y).

Takum 06pa3oM, Mbl 1oJ1ygaeM BoinoJaenue yciaosus (U) B memme 2.1 111 BepIIUHBL
Tp C KOHCTAHTOI ¢; = 2rD6~ 1. Jlemma mokazana.

CyIecTBEHHOCTD PAIMOHAIBHOCTH YHCya (2) B ciiydae BEPIINHbI IEPBOrO THIIA
IIPOUJITIIOCTPUPOBaHa IIpuMepoM 2.3.

4. OcHOBHBIE TEOPEMBI O CAMOMOMAOOHBIX >KOPJAHOBBIX IAIIIIEPAX.
IIpuBeseHHBIE B 9TOM IIYHKTE TEOPEMBI SIBJISIOTCS PE3YILTATOM HEITOCPEICTBEHHOTO
npuMeHeHus JieMM 2.1 u 3.2 K HEKOTOPBIM YaCTHBIM CJIy4asiM, BaXKHbBIM JIJIsl TTPHUJIO-
JKEHUH.
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Teopema 4.1. Ilycrs S = {Sy,...,S,} — camonono6Hblit KopJaHOB HHIIIED
na mrockocrn R? ¢ Bepmumnamn zg, . . . , z,. Ecan ancio

Lu|z1 — 20| — Ln|z, — 20|

Ln |z, — zp—1| — Ln |z, — 20|
panmonaJjibHo, To arrpakrop K = K(S) umeer orpaHndeHHOE HCKDUBJICHHE.

Teopema 4.2. Ecim caMornoobusli x0piaaHoB munmep S Ha mirockocta R?
HE HMeeT BEpPIIUH [epBoro tuia, 1o ero arrpakrop K = K(S) ssisercs gyroii ¢
OrpaHUIEeHHBIM HCKPHUBJICHHEM.

YacTHBIME CITy4dasiMu TEOPEMBI 4.2 sIBJISOTCS J[Ba CJIEIYIOIMMX YTBEPKIECHUSI.
Teopema 4.3. Ecin camononobublii kopaanos mummep S = {S1,...,5,} Ha

IJIOCKOCTH UMeeT CUTHATYDPY (81, ..., Sn) TAKYIO, UTO $1 + S, > 1, TO ero arrpakTop
SIBJISIETCS JIYTOH C OrPaAaHUYEHHBIM HCKPHUBJICHHEM.

Teopema 4.4. Ecin camononobublii kopaanos mummep S = {S1,...,S5,} Ha
niockocrn R? mmeer wepeyroniyrocss CHrHATYDY, T. €. Sp 7 Spi1 JUIA BCEX P =
1,...,n — 1, TO ero arTpaKTOp SIBJSETCS JyTOH C OTPAHHICHHBIM HCKPHUBJICHHIEM.

[TPUMEYAHUE 1. B cxeme, 110 KOTOPOIl BBINOJIHSIETCS TIOCTPOEHUE IUIIIEPA C
JepeJIyoleiicss CHTHATYPOii, ycMaTpuBaeTcs 0000IeHre Ha JBYMEPHBII ciiy4ail cxe-
MBI UHBEPCH020 pedpena, npemnoxkennoii IT. Tykua B [11, c. 154] B kavecrBe Momudn-
karuu KoHcrpykimn CajiemMa U UCIOIBb30BAHHON UM TP MOCTPOEHUH CITEIHATBHBIX
KBA3HUCUMMETPUIECKAX TOMEOMOP(PU3IMOB OTPE3Ka Ha CeO.

ITPUMEYAHUE 2. Teopembr 4.1-4.4 He UCUEPIIBIBAIOT BCEX CJIYYAEB, KOTJA aT-
TPaKTOP KOPJAHOBA IIUIIIEPA Ha IJIOCKOCTH NMeeT OI'PAaHNYEHHOE NCKPUBJIEHNE, TaK
KaK 9TO CBOMCTBO MOYXKET BO3HHKHYTH B PE3yJIbTATe IOIXOISINEr0 PaCIOJIOXKEHUS
BepiMH (HALpUMED, KOIJa BCE BEPINUHDLI JIeXKaT Ha OMHON HPAMOil U aTTPakTOp
SIBJISIETCS OTPE3KOM).

U3107k€eHHbIE BBIIE PE3YJIbTATH YACTUYHO aHOHCUpOBaHbI B [12,13]. AsTops
6JrarolapHbl PEIEH3eHTY 3a CJeJaHHble UM 3aMevaHusi, KOTOPbIE CIIOCOOCTBOBAJIM
CYIIECTBEHHOMY YIIy4IIEHUIO TEKCTa CTAThU.
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